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Abstract
In this article we will analyze the possibility of a nontrivial central
extension of the Poisson algebra of the diffeomorphisms generators
which respect certain boundary conditions on the black hole bifurca-
tion. The origin of a possible central extension in the algebra is due to
the existence of boundary terms in the canonical generators, which are
necessary to make them differentiable. The existence of such bound-
ary terms depends on the exact boundary conditions that one takes.
We will check two possible boundary conditions on the black hole bi-
furcation: Fixed metric and fixed surface gravity. In the case of fixed
metric of the bifurcation the action acquires a boundary term but this
term is canceled in the Legendre transformation and so absent in the
Hamiltonian, and so in this case the possibility of a central extension
is ruled out. In the case of fixed surface gravity the boundary term
in the action is absent but therefore present in the Hamiltonian. Also
in this case case we will see that there is no central extension, also if
there exist boundary terms in the generators.
∗e-mail: giacomin@science.unitn.it
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1 Introduction
Since the discovery of the Bekenstein-Hawking entropy [1], [2], [3], [4] for
black holes given by
SBH =
A
4
(1)
a great effort has been done to find a microscopic interpretation of this en-
tropy.
As it is well known no complete quantum theory of gravity is available at
the moment. There exist of course some specific models of quantum gravity
like superstrings [5], loop quantum gravity [6] or Sakharov induced gravity
[7] which are able to count the microscopic degrees of freedom of the entropy
for some classes of black holes. Those approaches, which are conceptually
very different, always give the same result i.e. the Bekenstein-Hawking re-
sult. There is therefore a sort of universality principle.
It seems therefore that the behavior of the microstates is already set in some
way at classical level. A classical principle, which is inherited at quantum
level is for example a symmetry principle. A symmetry group which is enough
powerful to fix the density of microstates is the 2-D conformal group where
the asymptotic density of states is given by the Cardy formula [8]. The Cardy
formula uses only the value of the central charge and of the L0 generator. A
central charge can already merge at classical level in the Poisson algebra of
canonical generators. [9]
There are two ways of how to find a 2-D conformal theory with a classical
central charge describing the black hole. One way is by dimensional reduc-
tion of the Einstein-Hilbert action obtaining an effective 2-D theory. Making
a near horizon approximation one can obtain eventually a conformal field
theory with a classical central charge using the radial degree of freedom [10],
[11], or using as degree of freedom the conformal factor of the 2-metric as
done by A. Giacomini & N. Pinamonti [12], and by A. Giacomini [13], [14].
The other way inspired by the work of Brown & Henneaux, [15], is to con-
struct diffeomorphisms that preserve certain fall off conditions of the r − t
plane metric of the black hole and then compute the Poisson brackets of the
canonical generators of this diffeomorphisms and check if they form a Vira-
soro algebra with a nonzero central charge. Brown & Henneaux showed in
the article cited before that this happens in AdS3 for diffeomorphism gener-
ators that preserve the form of the metric at infinity.
The Poisson bracket of the canonical generators of diffeomorphisms in fact
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has the form [16]
{H [ξ], H [η]} = H [[ξ, η]SD] +K(ξ, η) , (2)
where the bracket [ , ]SD is the so called surface deformation algebra given
by [
ξˆ, ηˆ
]⊥
SD
= ξˆa∂aηˆ
⊥ − ηˆa∂aξˆ⊥
[
ξˆ, ηˆ
]a
SD
= ξˆb∂bηˆ
a − ηˆb∂bξˆa + hab
(
ξˆ⊥∂bηˆ
⊥ − ηˆ⊥∂bξˆ⊥
)
, (3)
where hab is the metric of the spacelike hypersurface and we have introduced
for ξ the components normal and tangent to the foliation
ξˆ⊥ = Nξt
ξˆa = ξa +Naξt (4)
The origin of the central extension is due to the existence of arbitrary terms,
which do not depend on the canonical variables in the generators. In fact
the canonical generators in (2) have the form
H [ξ] =
∫
Bulk
(
ξˆ⊥H + ξˆiHi
)
+ J [ξ] + C(ξ) . (5)
The terms in the bulk integral H and Hi are constraints. The Boundary
terms J [ξ] are needed to make the generators differentiable and so to make
the Poisson brackets well defined . The term C(ξ) is an arbitrary function
that does not depend on the canonical variables. Now it has been shown [17]
that the Poisson bracket of two differentiable generators is also differentiable
and therefore has the correct boundary term. What may happen is that the
Poisson bracket does not match the arbitrary term C(ξ) and this is then the
origin of the central term K.
This approach has been used by Strominger [18] to compute the entropy of
the BTZ black hole [19] using its asymptotic AdS structure and so the results
of Brown & Henneaux. The problem is that this approach is limited to the
BTZ model and its AdS structure at infinity. An extension to black holes
embedded in AdS2 is given in [20], [21].
Using symmetries at infinity one is not able to distinguish a black hole from a
star. On the other hand, as explained before one expects the degrees of free-
dom responsible for the entropy to live on on or near the horizon. One should
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therefore study the diffeomorphisms preserving the near horizon structure in-
stead of spatial infinity.
This approach has been performed in many articles, but there seem to be
some technical difficulties [27], [28]. In e.g. [29], [30] the calculation does
not work in the case of non-rotating black holes. In [31], [32], a covariant
formalism as developed by Wald et al. [33] [34] [35] [36] is used instead of the
original ADM [42] approach. A generalization of this approach to Lagrangian
of arbitrary curvature dependence is found in [37].
In our work we prefer to use again the canonical ADM formalism because
of its better transparency and it’s successful use in the work of Brown &
Henneaux. A return to the ADM formalism was already tried in [38], but
the boundary conditions and so the nature of the boundary terms of the
canonical generators is not completely clear (in the sense of what exactly is
held fixed on the boundary). The problem is also that in other articles [39],
[40] it is shown that the central charge should be zero. Due to this discrep-
ancies we want to analyze again this problem starting this time directly with
the non-rotating case, which seems to be more difficult, and paying special
attention to the different possible boundary conditions on the horizon and
the associated boundary terms of the generators. We will see that in order
to have a boundary term in the Hamiltonian we need to fix the surface grav-
ity on the horizon rather than the metric. This is because with fixed bolt
metric we will see there is a bolt term in the action which is canceled by
the Legendre transform and so absent in the Hamiltonian and therefore the
canonical generators acquire no boundary term associated to the bolt. The
crucial point in this calculations in fact is that in order to find the central
term of (2) one uses the fact that the bulk part of the generators is a sum
of constraints and therefore zero on shell. On shell therefore the Poisson
algebra (2) reduces to the Dirac algebra of the boundary terms.
{J [ξ], J [η]}D = J [[ξ, η]SD] +K(ξ, η) . (6)
Without boundary terms the generator algebra reduces to the constraint
algebra and does not admit central extensions. Fixing the surface gravity
on the bifurcation the generators acquire a boundary term associated to the
bolt, but unfortunately we will see that also in this case there will be no
central extension of the generator algebra because of the falloff conditions we
have to impose on the diffeomorphism parameters, at least if we want that
the diffeomorphism parameters and its derivatives have a well defined limit
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on the horizon. While similar results have been found for 2-D dilatonic black
holes in [41] in this paper the four-dimensional case is considered.
2 Boundary terms of the action and bound-
ary conditions
In order to have a well defined least action principle, it is necessary to have a
differentiable action. This means especially that its variation should consist
only of a bulk term without boundary terms. Boundary terms in the action
arise due to partial integration, where one transforms total divergences in
boundary integrals. A variational principle must also be accompanied by
boundary conditions. The most usual boundary condition is to keep the
variation of the field fixed on the boundary.
In the case of the Einstein-Hilbert action
IEH =
1
16pi
∫
M
√−g R , (7)
The scalar curvature contains second derivatives of the metric and therefore
the boundary term contains variations of the normal derivatives of the metric.
So the action (7) with standard boundary conditions is not differentiable.
Therefore in order to have a well defined variation principle we must add to
this action a boundary term that cancels the boundary term arising from the
variation. The correct action for smooth boundaries is [22]
I =
1
16pi
∫
M
√−g R + 1
8pi
∫
∂M
K
√
h , (8)
where K is the extrinsic curvature of the boundary and h is the determi-
nant of the boundary metric. When calculating the Hamiltonian from the
action we have to keep this boundary terms. The consequence is that also the
Hamiltonian has boundary terms. The boundary terms of the Hamiltonian
can also be found directly making the variation of the bulk term of it as done
for asymptotically flat spaces in [23].
In the canonical formalism we have spacetime regions of the form M =
[t1, t2]×Σ, where Σ is a spacelike hypersurface. For such a region the bound-
ary has the form
∂M = Σ1 ∪ Σ2 ∪ B3 , (9)
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where Σ1,2 are the initial and final hypersurfaces and B
3 is the timelike 3-
boundary spatially bounding the system. Using this notation and with this
kind of boundary with this kind of boundary the action (7) becomes, calling
Θ the extrinsic curvature of B3 and m the determinant of it’s metric
I0 =
1
16pi
∫
M
√−g R− 1
8pi
∫ Σ2
Σ1
K
√
h +
1
8pi
∫
B3
Θ
√
m , (10)
where the integral
∫ Σ2
Σ1
means the integral over Σ2 minus the integral over
Σ1. To be precise the action (8) is correct for smooth boundaries. With a
boundary of the form (9) the intersections of B3 with Σ1,2 are non-smooth.
The variation of the action acquires also boundary terms for the joints [24].
Performing in fact the variation of the actions without boundary terms in-
troducing the notations
vab ≡ δgab ; v ≡ gabvab , (11)
we obtain the formula [25]
δIEH = bulk terms +
1
16pi
∇a
(
−∇bvab +∇av
)
≡ bulk terms + 1
16pi
∇aδZa .
(12)
The total divergence comes from the variation gabδRab. The total divergence
can be converted in a boundary integral and so discarding the bulk terms
giving the equations of motion we can write
δIEH =
1
16pi
∫
∂M
naδZa . (13)
Focusing for a moment on the final and initial spacelike hypersurfaces Σ1,2
we can write δZa in terms of Kab and hab
ucδZc = −2δK −Kabδhab +Daδua . (14)
Considering now the variation of the boundary terms associated to Σ1,2 in the
action I0 (10) and combine them with the boundary terms of the variation
of the bulk action we obtain
− 1
16pi
∫ Σ2
Σ1
√
hucδZc − 1
8pi
δ
∫ Σ2
Σ1
√
hK =
∫ Σ2
Σ1
P abδhab − 1
16pi
∫ B2
B1
ξ˜aδu
a
√
σ
(15)
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The boundaries B1,2 are the intersections of the hypersurfaces Σ1,2 with the
3-boundary B3. The vector ξ˜ is the normal to B1,2 as considered embedded
in Σ1,2, it is equal to the normal ξ of B
3 only if the boundaries are orthogonal.
The procedure for the 3-boundary terms of B3 is analogous as made before
for the initial and final hypersurfaces. Again we have
ξaδZa = −2δΘ−Θabδmab + D˜aδξa . (16)
Again we put together the variation of the boundary terms of I0 and the
boundary terms of the bulk variation
− 1
16pi
∫
B3
√−mξcδZc − 1
8pi
δ
∫
B3
√−mΘ
= −
∫
B3
Πabδmab − 1
16pi
∫ B2
B1
u˜aδξ
a
√
σ (17)
Here the vector u˜ is the normal to B1,2 as considered embedded in B
3 and
again it is equal to the normal u only when the boundaries are orthogonal.
Now we want to put the joint pieces containing u˜aδξ
a and ξ˜aδu
a together.
To do this we notice that the vectors u˜ and ξ˜ can be written as
u˜ = λ(u− ηξ) ; ξ˜ = λ(ξ + ηu) , (18)
where η is the scalar product η ≡ u · ξ normalization factor λ is
λ = (1 + η2)−
1
2 . (19)
In order to put together the terms with u˜aδξ
a and ξ˜aδu
a we can introduce
the boost parameter θ defined as
sinh θ = u · ξ ≡ η . (20)
Noticing now that uδu = 0 we can write
ξ˜δu = λξδu = λδη = δθ (21)
we can therefore write
∫ B2
B1
ξ˜aδu
a
√
σ =
∫ B2
B1
δθ
√
σ . (22)
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In the same way we compute the term coming from the 3-boundary
u˜δξ = λuδξ = λδη = δθ (23)
and therefore gives the same contribution as the term coming from the space-
like boundary (21). We can write
∫ B2
B1
u˜aδξ
a
√
σ =
∫ B2
B1
δθ
√
σ . (24)
Putting now together the single pieces of the variation (15 , 17 ) and using
(22 , 24 ) we obtain eventually for the complete variation of the action the
expression
δI0 =
1
16pi
∫
M
Gijδg
ij +
∫
Σ2
Σ1
P abδhab
√
h
−
∫
B3
Πabδmab
√−m− 1
8pi
∫ B2
B1
√
σδθ , (25)
Let us now analyze the terms on the right side of (25). The first term gives
the equations of motion the second and third are terms are linear in to the
variation of the boundary metric and therefore with our boundary conditions
zero. The last term in general is not zero. Therefore in the presence of
nonsmooth intersections of boundaries the correct action for fixed boundary
metric is
I ′ =
1
16pi
∫
M
√−g R− 1
8pi
∫
Σ2
Σ1
K
√
h+
1
8pi
∫
B3
Θ
√
m+
1
8pi
∫ B2
B1
√
σθ . (26)
The last term in the action, i.e. the joint term in literature is also called
“tilting term” [26]. It is zero in the case, that the hypersurfaces Σ are or-
thogonal . We have considered up to now non-smooth boundaries given by
the intersection of Σ with B3. Another case of non-smooth boundary can be
given by two intersecting spacelike hypersurfaces.
Now let us consider a static black hole. It’s timelike killing vector is null on
the horizon, this means that in the standard foliation t = const all the space-
like hypersurfaces intersect in a 2-D sphere called the bifurcation. Therefore
in this situation the action describing a spacetime containing a black hole has
a non-smooth boundary in the bifurcation given by two intersecting spacelike
hypersurfaces Σ1,2. This kind of joint in literature is also called “bolt” [22].
In the case of a “bolt” all the computation done before leading to (25) can
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be repeated. Using in fact again (14) we obtain now as contribution from the
two spacelike hypersurfaces, converting the total divergences in an integral
on the joint, the joint contribution
∆ =
1
16pi
∫
B
√
σ
(
ξ˜2 · δu1 − ξ˜1 · δu2
)
. (27)
The vector ξ˜2 is the normal to the bolt as considered embedded in Σ
1 and
the vector ξ˜1 is the normal to the bolt as considered embedded in Σ2. Now
again as in (18 ,19) we can write the vectors ξ˜1 and ξ˜2 as linear combination
of u1 and u2 with the only change that now scalar product is η ≡ u1 · u2.
The boost parameter θ this time is defined as
cosh θ = −u1 · u2 . (28)
This is because in the bolt case, being the intersecting hypersurfaces both
spacelike, their normals cannot be orthogonal. Following now the same pro-
cedure as in (21 , 23) it is immediate to proof that
ξ˜2 · δu1 − ξ˜1 · δu2 = −2δθ . (29)
The total bolt contribution from the bulk variation is therefore
∆ = − 1
8pi
∫
B
√
σδθ (30)
Therefore if we treat the event horizon as a boundary and using the standard
foliation the correct action by fixed bolt metric is
I = I0 +
1
8pi
∫
B
√
σθ . (31)
Let us now notice that for a Kerr black hole the killing vector ∂t on the
horizon goes to zero only in two points, namely the “north pole” and the
“south pole”. Having only two points in which the t = const hypersurfaces
intersect there is no boundary term for this intersection. The action there-
fore acquires no extra term at least in the standard foliation. Having in this
case only 2 points as intersection also the Hamiltonian won’t have boundary
terms associated to the horizon. Therefore the technique to find a central
extension of the boundary terms Dirac algebra (6) like in [15] seems to work
only for the non-rotating case, at least in the standard foliation.
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Now we have seen that the boundary term of the action associated to the
bifurcation (31) works with boundary condition of fixed boundary metric.
This is the most usual boundary condition but surely not the only possible.
One for example can also fix the normal derivative of the boundary metric.
In the case of the bifurcation this means to fix the surface gravity.
Let us now analyze what boundary term we have to associate to the bifurca-
tion in the case that we keep the surface gravity fixed instead of the metric.
In order to do this let us write the parameter θ of (20 for the case of a
non-rotating black hole. In this case we have metric of the form
ds2 = −N2dt2 +N−2dr2 + r2dΩ2 . (32)
In the bifurcation all the constant t hypersurfaces intersect and so the normal
to the hypersurfaces there is not well defined. to compute the scalar product
in (28) we can parallel transport the normal of one hypersurface, say Σt1 to
another say Σt2 along an r = const curve. Using (32) the only nontrivial
parallel transport equations become
u˙t + Γttr t˙u
r = 0 ; u˙r + Γrttt˙u
t + Γrtr t˙u
r = 0 (33)
with
Γttr =
1
2
N−2(N2)′ ; Γrtt =
1
2
N2(N2)′ ; Γrtr = 0 . (34)
he solution therefore is
ut = N−1 cosh(κt) ; ur = −N sinh(κt) . (35)
The scalar product of the normals of Σ1 and Σ2 is then
u1 · u2 = − cosh(κ∆t) . (36)
the boost parameter θ is then
θ = κ∆t (37)
this means that the bifurcation term of the action can be written as
1
8pi
∫
B
κdAdt . (38)
Now let us remember that the origin of the bolt term is to cancel the term
linear in δθ in (25). Now being θ proportional to the surface gravity in the
case we keep the surface gravity fixed in the variation the δθ term is then
zero. We can therefore conclude that in the case we keep the surface gravity
fixed there is no bifurcation term in the action.
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3 Boundary terms of the Hamiltonian
We have up to now seen that the origin of a possible boundary term associated
the horizon depends on the foliation and on the boundary conditions. Having
found the boundary terms for the action let us see how they reflect in the
Hamiltonian and the canonical generators. Now in order to find the boundary
terms of the canonical generators let us write the action without tilting term
(10) in canonical form expressing everything in function of the canonical
momenta and the hypersurface 3-metric hab. The result is [26]
I0 =
∫
M
(
P abh˙ab −NH−N iHi
)
d4x− 2
∫
dt
∫
Bt
h−1/2P abNaξ˜b
√
σd2x
− 1
8pi
∫
M
∇aZa
√−gd4x− 1
8pi
∫ Σ2
Σ1
K
√
hd3x+
1
8pi
∫
B3
Θ
√−mdtd2x . (39)
The functions H and Hi are the Hamiltonian constraints. The boundary Bt
is the foliation of B3 in the form
Bt = B3 ∩ Σt (40)
The term Za is given by
Za = ∇uua − ua∇bub (41)
and so we have that
Zaua = K (42)
Now as next we must convert to a boundary integral the ∇aZa term. Notice
that due to (42) the integral
∫ Σ2
Σ1
is therefore canceled. It survives only
the boundary integral over B3. Now in order to be able to read out the
Hamiltonian from (39) we have to factorize out a
∫
dt term from the boundary
integrals. To do this let us notice that B3 is foliated by Bt and therefore we
can write √−m = Nλ√σ , (43)
where σab is the metric induced on each Bt by mab and hab and λ is defined as
λ = cosh θ. The surviving boundary terms can therefore be factorized with∫
dt
1
8pi
∫
B3
Θ
√−mdtd2x− 1
8pi
∫
B3
ξaZ
a
√−mdtd2x
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=
1
8pi
∫
dt
∫
Bt
NΘ˜
√
σd2x− 1
8pi
∫
dt
∫
Bt
Nλu˜a∂a(θ)
√
σd2x , (44)
where Θ˜ is the trace of the extrinsic curvature of Bt as embedded in Σt and
u˜ is the normal to Bt as considered embedded in B
3. If we choose the time
flow τ to be tangent to B3 we can write
τa = Nλu˜a (45)
and therefore
Nλu˜a∂aθ = θ˙ . (46)
Therefore the last term in (44) becomes
− 1
8pi
∫
B
θ
√
σd2x+
1
8pi
∫
dt
∫
Bt
θ
√˙
σd2x . (47)
The first term cancels the tilting term in (26) whereas the second term in the
case that the joint is a bifurcation is zero because it is static per definition.
The Hamiltonian resulting from (39) is using (44 , 47)
H =
∫
Σt
d3x
√
h
(
NH +N iHi
)
− 1
8pi
∫
Bt
(
NΘ˜− 16pih−1/2P abNaξ˜b
)√
σ (48)
We see so that there is no contribution from the bifurcation to the Hamilto-
nian boundary terms. The action (26) was the correct one in the case that
the boundary metric was kept fixed. If we now take the case of a black hole
bifurcation as joint with the surface gravity held fixed instead of the bolt
metric we have seen that there is no tilting term contribution to the action.
Therefore there is then a tilting term in the Hamiltonian that comes from
(47) that is now not canceled from the action. The Hamiltonian for fixed
surface gravity H ′ is therefore
H ′ = H − 1
8pi
∫
B
θ
√
σd2x (49)
In this case there is a boundary term contribution from the bifurcation to the
Hamiltonian. We have in the case of the bifurcation therefore the situation,
that fixing the metric there is a tilting term in the action but not in the
Hamiltonian. Whereas fixing the surface gravity there is a no tilting term
in the action but there is one in the Hamiltonian. Therefore if we want to
have a on shell a Dirac algebra for the black hole we necessarily must fix
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the surface gravity. This is physically reasonable because the surface gravity
gives the temperature of the black hole and our calculations attempt precisely
to describe the black hole thermodynamics.
By fixed surface gravity therefore using (38) the bolt term associated to the
canonical generator of the vector field ξ is
J [ξ] = − 1
8pi
∫
B
ncDcξ
⊥ (50)
4 Fall off conditions and Poisson algebra
Now we want to study the deformations of the r − t plane that preserve the
surface gravity of the horizon. In order to do this we must find the falloff
condition of the vector fields generating the diffeomorphisms. Let us now find
the most general expression for a near horizon metric. As explained before
we must start from the non-rotating case in order to have a bifurcation in
the standard foliation. Making the Ansatz of spherical symmetry we have
ds2 = −N2(r, t) + A2(r)dr2 + r2dΩ2 (51)
We have to impose some conditions on the functions N and A.
First of all we notice that the existence of a bifurcation implies the vanishing
of the lapse function N on the horizon
N2(r+, t) = 0 . (52)
We are dealing with a system of fixed surface gravity, where the surface
gravity is defined as
lim
r→r+
∂rN
A
= κ (53)
We must also impose the topology of the black hole in order to distinguish
it from flat spacetime. In the Euclidean case the black hole has the topology
R2×S2 and therefore the Euler characteristic is χ = χ(disk)×χ(sphere) [43]
and being the Euler characteristic of the sphere 2, the Euler characteristic of
the black hole is
χ = 2 , (54)
whereas the flat spacetime has χ = 0. Calculating χ we obtain
χ = 2
(
1− A−1(r+)
)
. (55)
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We obtain so the condition on A
A−1(r+) = 0 (56)
If we impose the Hamiltonian constraints we obtain the form forA2
A2 =
(
1− r+
r
)−1
(57)
Using this conditions we obtain the explicit form for the lapse
N2 = 4κ2r+(r − r+) + a(t)(r − r+)2 (58)
Now on shell we have r+ =
1
2κ
therefore putting all together our diffeomor-
phisms must preserve the following conditions
N2 = gtt = 2κ(r − r+) +O(r − r+)2 (59)
and for grr we have then
grr = N2 +O(N3) (60)
We must now search for vector fields which preserve the two conditions (59
) and (60). Satisfying this conditions the diffeomorphisms automatically
preserve the surface gravity. For a vector field ξ in the r − t plane the
variation of gtt is given by
δξgtt = Lξgtt = ∂rgttξr + 2gtt∂tξt = O(N3) (61)
and therefore
ξr = −N
2
κ
∂tξ
t +O(N3) (62)
The variation of the grr component is now
δξg
rr = ∂rg
rrξr + 2grr∂rξ
r = O(N3) (63)
The boundary term of the generator (50) implies only the ξt component and
therefore let us use (62) in the last variation in order to find the form of ξt
= −2N2ξ˙t − 4N2ξ˙t − 2N
4
κ
(ξ˙t)′ = O(N3) (64)
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This means that
ξt = O(1) ; ξr = O(N3) ; ξ⊥ = O(N). (65)
Notice that this falloff conditions ensure also the vanishing of the extra di-
agonal components of the metric on the horizon
δgtr = O(N) . (66)
Therefore with our boundary conditions we have a boundary term in the
generators and therefore there is the possibility of the existence of a nontrivial
central charge. Now we are studying diffeomorphisms that act near the
horizon and therefore it is reasonable to impose that the vector fields defining
the diffeomorphisms and its derivatives should have a well defined limit on the
horizon We must therefore compute the Poisson brackets for two generators.
This calculation can be done using the results in [47] where the variation
of the Hamiltonian under a quasilocal boost is done and inserting our falloff
conditions. The boundary terms coming from this variation can be computed
going on shell obtaining eventually for our boundary conditions
{H [ξ], H [η]}PB = H [ξ, η]SD , (67)
where H is the generator with the correct boundary term. We conclude
therefore that there is no central extension of the algebra in this case also if
the boundary terms are nonzero.
As said before this is true at least if we want the vector fields and its deriva-
tives to have well defined limit on the horizon.
5 Conclusions
We have analyzed two cases of boundary conditions: the case of fixed bolt
metric and the case of fixed surface gravity. In the first case there were no
boundary terms associated to the bolt in the canonical generators and so
becoming the generator algebra the constraint algebra it does not admit a
central extension. In the second case there were nonzero boundary terms
associated to the bifurcation, but the computation of the Poisson brackets
shows that there is no central extension in the generator algebra. The cal-
culation of Strominger [18] seems therefore limited to the BTZ black hole.
The BTZ black hole is in fact embedded in an AdS spacetime. The fact
15
that one finds a nonzero central charge for the generators, that preserve the
AdS structure at infinity becomes a particular case of the AdS/CFT cor-
respondence [44]. In this case the relevant CFT at spatial infinity is the
Liouville theory [45]. The quantum version of this Liouville theory living
on the AdS boundary is described in [46], where again the BTZ entropy is
obtained. There is also a dS/CFT correspondence [48], [49], [50], [51], [52],
[53] but we want to describe a black hole independently of its embedding.
The things may change if we analyze other physically meaningful boundary
conditions. The generalization to other boundary conditions is nontrivial
and may be object of further investigation in future. Also if, with our two
boundary conditions which are the most natural, we found a negative result
this does not mean that it is impossible to count the black hole microstates
by means of the Cardy formula using a classical central charge. This negative
result in fact only means that the origin of a classical central central charge
for a theory describing the black hole is different. In fact in the already cited
previous works of the author it was shown that in a dimensionally reduced
approach, near horizon, the black hole dynamics is described by a Liouville
theory which has a classical central charge. But in this case the existence of
the classical central charge is not due to boundary terms in the generators
but to the affine scalar behavior of the Liouville field.
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